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EDGE-REINFORCED RANDOM WALK ON A LADDER 

By Franz Merkl and Silke W. W. Rolles^ 

University of Munich and University of Bielefeld 

We prove that the edge-reinforced random walk on the ladder 
Z X {1,2} with initial weights a > 3/4 is recurrent. The proof uses a 
known representation of the edge-reinforced random walk on a finite 
piece of the ladder as a random walk in a random environment. This 
environment is given by a marginal of a multicomponent Gibbsian 
process. A transfer operator technique and entropy estimates from 
statistical mechanics are used to analyze this Gibbsian process. Fur- 
thermore, we prove spatially exponentially fast decreasing bounds for 
normalized local times of the edge-reinforced random walk on a finite 
piece of the ladder, uniformly in the size of the finite piece. 

1. Introduction. The oldest reinforced random walk is the edge-reinforced 
random walk introduced by Diaconis in 1987. The process can be defined on 
any locally finite nondirected graph as follows: Every edge is given a weight 
which changes in time. Initially, all edges are given weight 1, say. In each 
step, the reinforced random walker jumps to a nearest-neighbor vertex with 
probability proportional to the weight of the traversed edge. Each time an 
edge is traversed, its weight is increased by 1. 

In the late 1980s, Diaconis asked whether the edge-reinforced random 
walk on Z'^, d > 1, is recurrent or transient. This problem is still open for 
all dimensions d>2. In one dimension, the edge-reinforced random walk 
is recurrent. To see this, one can use that on Z, the edge-reinforced ran- 
dom walk has the same distribution as a random walk in an independent 
random environment. Pemantle [10] proved a phase transition in the recur- 
rence/transience behavior for the edge-reinforced random walk on an infinite 
binary tree. He used a representation as a random walk in an i.i.d. environ- 
ment. This method completely fails for graphs with cycles. 
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In this article, we prove that the edge-reinforced random walk on Z x {1, 2} 
is recurrent. The problem is much more subtle than for acyclic graphs. We 
use the fact that the edge-reinforced random walk on a finite ladder has 
the same distribution as a random walk in an environment given by ran- 
dom time-independent edge weights. These edge weights are stochastically 
dependent in a complicated way. The representation as a random walk in a 
random environment follows from a de Finetti theorem for reversible Markov 
chains, proven in [12], which refines a result of Diaconis and Freedman [3] in 
the special case of reversible chains. The distribution of the environment is 
given by a joint density which was discovered by Coppersmith and Diaconis 
(see [2]). Our proof relies on a generalization of their statement, proven by 
Keane and Rolles [7]. 

It was suggested independently by Diaconis and Keane that the repre- 
sentation as a random walk in a random environment may be useful to 
prove recurrence for edge-reinforced random walks. Keane conjectured that, 
in addition, the use of transfer operators may help to prove recurrence on 
the ladder. The present article pursues such an approach for the first time 
successfully. 

The edge-reinforced random walk studied in this article behaves very dif- 
ferently from the directed-edge-reinforced random walk where every undi- 
rected edge is replaced by two directed edges which both get their own 
weight. The directed-edge-reinforced random walk has the same distribu- 
tion as a random walk in an independent environment (see [8]). This rep- 
resentation is used in [8] to show recurrence on Z x G for any finite graph 
G. 

A simpler model is the once-reinforced random walk where the weight of 
an edge is increased by a fixed parameter 5 > the first time it is traversed. 
From the second traversal on, the weight of an edge does not change. This 
random walk is recurrent on (e.g., [1]); however, its recurrence/transience 
behavior on Z"^ is not known for d>2. Even for ladders Zx {1,2, ... ,d} the 
problem is subtle: For 6 G (0, l/{d — 2)), recurrence was proved by Sellke [14]. 
Vervoort [16] extended the result for very large 6. For intermediate values of 
6 the problem seems to be open. Durrett, Kesten and Limic [6] showed that 
the once- reinforced random walk on regular trees is transient for all 6 > 0. 

For the integer line, Davis [1] proved a recurrence/transience dichotomy 
for a general class of reinforced random walks, including the edge-reinforced 
and once-reinforced random walk on Z. Very strong localization was shown 
for random walks with super linear edge-reinforcement by Limic [9]. Vertex- 
reinforced random walk localizes as well. This was proved by Pemantle and 
Volkov [11, 17] and by Tarres [15]. 

1.1. Results. In this article we consider an edge-reinforced random walk 
on the ladder Z x {1,2}. The edges are undirected. They are assigned time- 
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dependent random weights, with all initial edge weights equal to some con- 
stant a > 0. In each step, the random walker jumps to a nearest-neighbor 
vertex with probability proportional to the weight of the traversed edge. 
Whenever the random walk crosses an edge, its weight is increased by 1. 

Formally, the edge-reinforced random walk on a locally finite graph G = 
(y, E) is defined as follows: Let Xt : — > V denote the canonical projection 
on the tth. coordinate; Xt is interpreted as the random location of the random 
walker at time t. We identify an edge with the set of its endpoints. For t G No, 
we define Wt{e) : V^o M+, the weight of edge e at time t, recursively as 
follows: 



(L2) wt+i{e):=l^ 



(1.1) wo{e) ■= a for all e £ E, 

wt{e) + l, for e = {Xt,Xt+i}eE, 
wt{e), for eeE\{{Xt,Xt+i}}. 

Let P^^a denote the distribution of the edge-reinforced random walk on G 
starting in vq with all initial edge weights equal to a. The distribution -P^^^ 
is a probability measure on V^°, specified by the following requirements: 

(1.3) ^o = ''^o -fl^,a-a-s., 

P,^^^,[Xt+i=v\Xi,i = 0,l,...,t] 

1.4 

M{Xt,v}) 



ii{Xt,v}GE, 

22{eeE:XtGe} Me) 

0, otherwise. 

The ladder is the graph G = {V,E) with vertex set V :='Z x {1,2} and 
edge set E := {{u, v} -.u^v £ V with ||n — = 1}, where || • ||i denotes the 
1-norm. We say that the reinforced random walk is recurrent if almost all 
paths visit all vertices infinitely often. Our main result reads as follows: 

Theorem 1.1. For all a > 3/4, the edge-reinforced random walk on 
Z X {1,2} with all initial weights equal to a is recurrent. 

The theorem includes the most interesting case a = 1. However, we do not 
expect the bound 3/4 to be optimal. 

Fix a > and n G N. Let = (F^ , ^W) with := {0, 1, 2, . . . , n} x 
{1,2} denote the finite ladder of length n. We consider an edge-reinforced 
random walk on G'-"-' with all initial edge weights equal to a. For the vertices, 
we introduce the following notation (see Figure 1): 

(1.5) i:=(«,l) and l:={i,2) for i G Z. 

We abbreviate P*-""^ := P^^^ ■ Let kt{e) denote the (random) number of times 

the reinforced random walker traverses the (undirected) edge e up to time 
t. We prove: 
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Fig. 1. The finite ladder. 



Theorem 1.2. For all a > 3/4 and all n £ the following holds: If 
e G E^"^^ is an edge on level i G {1,2, . . . ,n} of the ladder, that is, i€e or 
i £ e, then we have 



(1.6) 



lim -^1^4- < e-- 



> 1 - C2e" 



-C3l 



with constants ci,C2,C3 > depending only on a. 

The edge-reinforced random walk on a finite graph has the same distribu- 
tion as a random walk in a time-independent random environment. A proof 
can be found in [12]; see also [4]. For a precise formulation of the result, 
we refer to Theorem 2.2 below. The time-independent random environment 
on is given by time-independent random weights x = (xe)gg£;{n) G " 
with respect to some probability measure Q^"). 

Let us explain how time-independent weights x = {xe)^^^^^) € M;^'"' in- 
duce a random walk on G^"^: In each step, the random walker jumps to 
a neighboring vertex with probability proportional to the weight Xe of the 
connecting edge e. This random walk is a reversible Markov chain. 

The distribution of the edge weights x = (xe)eg£;{n) constituting the ran- 
dom environment equals the distribution of the limit (limj_>oo kt{e) / 1) ^^^(n) , 
which is P^^^-a.s. strictly positive in all components. Therefore, Theorem 1.2 
states the following: If we normalize the weights such that the edge {0, 0} 
has weight 1, then the weights of the edges in decay exponentially in 
the level of the ladder, uniformly in n, with probability close to 1. We use 
Theorem 1.2 to estimate the escape probability for the reinforced random 
walker on G^^\ 

1.2. Overview of the proofs. The representation of edge-reinforced ran- 
dom walks as a random walk in a random environment is essential for the 
whole paper. This representation is described in [12]; we review it in Section 
2.1. In order to see the Gibbsian structure behind the random environment 
X, additional auxiliary variables are introduced: These are a random span- 
ning tree T and Gaussian random variables y, indexed by a basis of the first 
homology space of the ladder. 
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As our third main result, Theorem 2.3 bounds the tails of ratios between 
components of x and components of y. A scaling transformation is used 
to get rid of the nonlocal constraint that the random environment x is 
supported on a high-dimensional simplex. The spanning tree T is described 
by a list of local discrete variables, subject to local matching rules. This is 
explained in Section 2.2. 

The joint probability law of x, y and T is Gibbsian. In order to derive 
estimates for pieces of the corresponding Hamiltonian, we need to transform 
X, y and T to new local variables, described in Section 2.3. Roughly speak- 
ing, these new variables consist of logarithms of ratios between neighboring 
components of x and y and of the local description of the spanning tree 
T. The total Hamiltonian is written in these new coordinates and split into 
local pieces. The transformation is technically involved. 

Lower bounds for the local Hamiltonians are derived in Section 3. The 
proof of these bounds requires, among other things, the solution of some 
linear optimization problems. Here, the precise choice of the splitting to 
local pieces is essential; a "naive" choice would not suffice. 

Given the Gibbsian description of the random environment with appro- 
priately bounded local Hamiltonians, we use a transfer operator technique 
to analyze the random environment. The transfer operator is introduced in 
Section 4.1; it turns out to be a Hilbert-Schmidt operator. 

In Section 4.2 we introduce an auxiliary deformation of the original Gibbs 
measure which has a reflection symmetry, at least in an asymptotic sense. In 
the language of statistical mechanics, we apply additional "external forces" 
at the endpoints of the Gibbsian chain. We show that the Gibbsian chain is 
deformed by these forces roughly proportional to its length. At the heart of 
the argument lies an upper bound for the free energy of the deformed Gibbs 
measure, which is obtained by the variational principle for free energies. 
In Section 4.3 the deformed Gibbs measure serves to prove exponentially 
decreasing bounds for the random environment. 

Finally, recurrence of the edge-reinforced random walk is proven in Sec- 
tion 5. The exponential bounds for the random environment and the connec- 
tion between random walks and electric networks are the key ingredients to 
prove recurrence on the half-sided ladder No x {1,2}. Symmetry and gluing 
arguments imply recurrence on the two-sided ladder. 

2. Edge-reinforced random walk on the finite ladder. Fix a > and n £ 

N. In this section we consider the edge-reinforced random walk on the finite 
ladder G^"^ of length n. All initial edge weights are equal to a, and the 
random walker starts in 0. 

We could equally well study the walk on {— n, . . . ,n} x {1,2} started at 
in the middle, rather than the walk on {0, . . . ,n} x {1,2} started at the 
left boundary. However, the version presented here is simpler, since it avoids 
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distinguishing three cases "to the left of the starting point," "at the starting 
point" and "to the right of the starting point" for inner points of the ladder 
in many estimates presented below. 

If there is no risk of confusion, we omit sometimes the dependence on n 
in the notation. 



2.1. A random walk in a random environment. We need some notation: 
Let 

(2.1) AW:=|x = (xe),g^(„)e(0,l]^'"^ ^e = l] 

denote the simplex. We define at := {kt{e)/t)^^^(„) . Clearly, at G A^"). 
For V gV, we denote by x„ the sum of all Xe with e incident to v. 

(2.2) x^:= 

{e£E:vee} 

Furthermore, we introduce the following abbreviations: 

(2.3) Xj := j|, Xi := x^jzr[ jj, Zi := ^^j^jj. 

Figure 1 illustrates this definition. 

For 1 < i < n, let Cj denote the oriented cycle i — 1 , i, i — 1, i — 1 . 
Clearly, ci , . . . , c„ constitute a basis of the first homology space 
(cycle space) of G^"); note that the first Betti number dimHi{G^^^) of G^^'^ 
equals n. Let M-)_ := (0, cxd). For x G M;^'"'', we define the matrix A^''^\x) = 

(A'j i^))i<i,j<n by 

(2.4) 4?(^)-E^' E ±^ ^or^^J, 

where the signs in the last sum are chosen to be +1 or —1 depending on 
whether the edge e has in Cj and cj the same orientation or not. Explicitly, 
this means 

Jn) , ^ 1 1 1 1 

Af}'{x) = + - + - + -, 

(2.5) 4-Ii(^) = -7 = 4?m(-), 

^g)(x)=0 for|i-i|>2. 

Let T^") denote the set of all spanning trees of G*-"-*. Let denote the 
transpose of a vector y, and let -E(T) denote the edge set of a tree T. For 
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X = (xe)eg£(n) G Mf , y = (yi, 2/2, . . . , y„) G and r G , we define 



«+V2„a ™-lr (3a+l)/2 (3a+l)/2n a+1/2 a+1/2 

(2.6) - . . 



X exp 



Let a denote the Lebesgue measure on A^"), normalized so that (t(A("')) = 1. 
We set 

(2.7) 5^:=/ / 5] <I>W(x,y,r)dy(7(dx). 

The normalizing constant z^") is given explicitly in Theorem 1 of [7]; in 
particular it is finite. 

Theorem 2.1 ([7], Theorem 1). The sequence {at)t^n converges almost 
surely. The distribution of the limit is absolutely continuous with respect to 
the surface measure a on A^") with density given by 

(2.8) <^W(^) = J^/ ^ ^(-\x,y,T)dy. 

There is also a probabilistic interpretation of the arguments y in (2.6) in 
terms of winding numbers of the reinforced random walk paths; for details 
see [7]. 

The edge-reinforced random walk on every finite graph has the same dis- 
tribution as a random walk in a random environment where the environment 
is given by weights on the edges. We state the result only for G^"^^: 

Theorem 2.2 ([12], Theorem 3.1). For any path {vo,vi, ... ,vt) in 
the following holds: 

(2.9) = /or < i < i] = / TT ^^^'"^'^'^ ,^(")(x) a(dx); 

here x := {X(,)^^^{n) . Hence, P^") equals the distribution of the random walk 
in a random environment on G^"^ starting in with environment given by 
random edge weights chosen according to (jy^'^^da. 

We define 
(2.10) 

:= [z^''^]-^^^''\x,y,T)a{dx)dydT, 
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where dT denotes the counting measure on T("). The marginal of the dis- 
tribution Q^") with respect to the components x equals the distribution of 
the random environment as a measure on 

The following theorem bounds the tails of ratios between these random 
variables and the "winding number" random variable yf. 

Theorem 2.3. Let a > 3/4. With respect to Q^^\ all the random vari- 
ables 

(2.11) ln=^, In— In— ^ and In 

yf yf yf 

have exponential tails, uniformly in i and n. In other words, there exist 
constants 04(0) > and 05(0) > such that for all n £N, i <n and M > 0, 
one has 

(2.12) Q^^^IIT.I >M] <C4e-'=^^, 

where Tj denotes any of the four random variables in (2.11). 

For X = (xe)eg£;{n) G A^"), all weights (cxe)gg£;(n) with c > induce the 
same reversible Markov chain. In Theorem 2.2, the edge weights x are nor- 
malized in such a way that J2e = 1- For our purposes, it is more convenient 
to set one weight, namely zq, equal to 1; recall that we used this normaliza- 
tion in Theorem 1.2. The change of normalization is made precise in Lemma 
2.6. We set 

(2.13) A(") :=Mf"' xM" xT("). 

The following scaling property of ^'^"^ will be important. We omit its 
elementary proof. 

Lemma 2.4. Let c>0 be a real number. For all {x,y,T) £ A^"), the 
following holds: 

(2.14) (cx, c^/^y, T) = c-(7/2)n-l^(n) j.^ _ 

For X G M;^'"', we set s{x) := X^egEt") ^e- We define 

(2.15) 5:A(")^A("), {x,y,T)^{six)-^x,s{x)~^/^y,T). 

We write |^| for the cardinality of a set A. Let 61 denote the Dirac measure 
in 1. 

Definition 2.5. Let X{dx) := Si{dzo) x HLi dx^dxidzi. We define 

(2.16) := ^^^'^^\x,y,T)\{dx)dydT. 



yi 
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Lemma 2.6. Q^'"^ is the image measure o/Q^") under S; that is, for any 
measurable function /: A^") — >R+, the following holds: 

(2.17) /_ /dQ(")= / /oS(iQ("). 

In particular, for any path {v(),vi, . . . ,vt) in G^^\ we have 

(2.18) P^''\Xi = v,for{)<i<t\= [ n^l!^i^dQ(")(x,y,r). 

Proof. Let /:A^") be measurable. Then, introducing an auxil- 

iary integration over t and using the definition (2.10) of Q^"^, 

. . _^"^=/ r er'f{x',y',T)dtdq^^\x',y',T) 
A(") JA(") JO 

(2.19) =^ f rt-'^-/'e-'f{x',y',T) 

X {x', y', T) ^(^^') dT. 

Consider the transformation A^") (0,oo) x A^"'^ defined by {x,y,T) ^ 
{t,x',y',T) = {s{x),S{x,y,T)). Then, the measure t'''^/'^ dta{dx') dy' dT on 
the right-hand side of (2.19) is the image measure of the measure (3n)! dy dT 
under this transformation. To see this, note first that the projection to 
|^(")| — \ = 2,n components {x'e) e^E(^)\{eo} suffices to parametrize any point 

(^e)ee£;(") ^ due to the constraint X]eg£;(") — ^^^^^^ abbreviate 

Co '■ = {0)0}. Second, the image of the probability measure a on the simplex 
under this projection {x'^)^^e(^) ^ (^e)eG£;{")\{eo} equals (3n)! times 

the Lebesgue measure on {{x'^)e G M^' '^^^""'^ • Z^e^eo < 1}; the normal- 
izmg factor (3n)! = (|£;W| — 1)! arises since the last set has the volume 
1/(|^W| _ 1)1. Third, the inverse transformation, with the redundant com- 
ponent x'^^ and the discrete variable T dropped, is given by (i, (Xg)e^eo) 2/') ^ 
((tx'Je7^eo>*(l - Ee^eo ^'e)^Viy') = {{x e) e^eo ^ ^ eo , v) ■ Its Jacobi determinant 
is given by tl-^^"'l~-^(\/i )" = i'^"/^. Hence, by the transformation formula, the 
right-hand side of (2.19) equals 

f ,(x)- W2g-''(-)/(5(x, y, r))$ W (5(x, y, T)) dx dy dT 

(2.20) 

= ^ / s{x)e-<^^f{S{x,y,T))^^^Hx,y,T)dxdydT; 

for the last equality we used Lemma 2.4 with c = s{x)~^. Next, we substitute 
X = Zq X, y = Zq y. Note that the eo-component of x equals 1. Consider 
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Fig. 2. The possible states of the tree variables. 



the transformation (x,y,T) i-^ {zQ,x,y,T). If we drop the redundant com- 
ponent ieo = 1 ^-iid the discrete variable T, then the resulting transforma- 
tion (x,y) 1-^ {zq, {X(,)ej^eo^y) has the Jacobi determinant Zq ^'^ ' ^^Zq ""^^ = 
Zq Thus, the image measure of dxdydT with respect to the transforma- 
tion {x,y,T) I— > {zo,x,y,T) equals Zq^^"^ dzo X{dx) dy dT; note that the Dirac 
measure in X(dx) arises from x^^ = 1. Using S{x,y,T) = S{x,y,T) and once 
more the transformation formula, the expression (2.20) becomes 

^/ rzos{x)e-^^<'^f{S{x,y,T)) 
(2.21) ^ ^""'^ 

X ^^'^^ (zox, zy^y, T)zl''^^ dzo X{dx) dy dT. 

By Lemma 2.4, ^^"■'> {zqx, zy^y,T)zl"'^'^^^ = ^^"■\x,y,T). Hence, integrating 
over zq yields for the expression (2.21): 

f f{S{x,y,T))^^^\x,y,T)X{dS:)dydT 
JA(") 

(2.22) 

This completes the proof of (2.17). The statement (2.18) follows immediately 
from Theorem 2.2 because the quotients x^y._-^^^.j/xvi_i do not change under 
the transformation S. □ 

2.2. Building spanning trees. In this section we give a local description 
of the spanning trees of G^^^. In order to describe a spanning tree T, we 
specify for each of the n cycles one of the states A, B, C oi D shown in 
Figure 2. 

Let T(") := {{Ti)i<i<n G {A,B,C,DY -.{Ti^Ti+i) ^ {A,B) for ah i = 1, 
2,...,n — 1}, and recall that T^"^ denotes the set of all spanning trees of 
G("). We define 

(2.23) ^tree:T(")^rW, ^trec((r.; 



l<i<n 



Ti describes which of the horizontal edges — l ,i), {i — l,z} is contained 
in the spanning tree T according to Figure 2. Let us define which rungs are 
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included in T. The left rung {0,0} is included for Ti G {A,C,D}. Figure 3 
tells us for i = 1, . . . ,n — 1 whether the rung is contained in the tree 

T. Finally, the right rung {n,n} is included for T„ G {B,C,D}. 
Indeed, ^tree((7i)i<i<n) yields a spanning tree of G^"). 

Lemma 2.7. The map ^'trce:T(") ^T(") is a bijection. 

Proof. Let T e T("). For each of the cycles q (1 < i < n) of G^"-\ there 
is at least one edge which is not contained in T. If j i — ^ E{T), we 
set Ti := C. If {i — ^ we set Tj := D. Otherwise, both edges are 

contained in T, and T is connected by a vertical edge somewhere either 
on the left (and we set Tj := A) or on the right (and Tj := B). Clearly, 
(Tj,rj+i) / (^,-B) for all i. One sees that ^'tree niaps the constructed se- 
quence (Tj)i<j<„ to T. Hence, ^'tree is onto, and it is not hard to see that it 
is one-to-one as well. □ 

2.3. A Gibbsian representation of the random environment. In this sec- 
tion we represent Q(") as the image measure of a Gibbsian probability mea- 
sure under a suitable transformation. This representation is essential for the 
analysis of the random environment. The transformed local variables are 
called 2Li, Xi, CTi, Ti, Zi and Ti. In the terminology of statistical mechanics, 
one may view them as abstract local "spin" variables. The new variables 
2£_i,Xi,Zi,Ti consist essentially of logarithms of ratios between neighboring 
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Fig. 3. Possible transitions of the tree variables. 
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old variables Xg, yf, while ui and Tj are discrete. First, we describe the space 
of these transformed local variables. 

Definition 2.8. We define fi'^"') := r^Mt x ^^^^^e ^ ^^u^ig f^right, where 

J^ieft = M, J^cyclc = M2 X {±1} X {A, B, C, D} , 

(2.24) 

^rung ; ^right 

We endow fi^") with the reference measure duj, defined as the Lebesgue mea- 
sure on R^" times the counting measure. We denote the canonical projections 
on by 

(2.25) (Jleft, {uj 

cycle, i)l<i<n) (,^rung,i)l<i<n—lj '^rightj 

where tOMt = Zq, Wcyclo,?. = {2Li, Xi,'^i,Ti), Wrung,i = {Zi,Ti), Wright = ■^n! 

hence a generic element on il^"^ is 

(2.26) U = {Zq, {2Li,Xi,ai,Ti)i<i<n, {Zi,Ti)i<i<n~l, Zn)- 

Furthermore, we set 

:= {cu G : (r,(a;), I-,+i(w)) / (^,i?) 

(2.27) 

for alH = 1, . . . , n — 1}. 

Intuitively speaking, the components of 17^"^ are associated to parts of 
the ladder: Oieft and f^right belong to the left and right rung, respectively; 
the ith recycle component belongs to the ith. cycle in the ladder, and the ith 
^rung component is associated to the step from the ith to the (z + l)st cycle. 

Using an intuitive statistical mechanics picture, one has a chain of "com- 
pound spins," consisting of "inner spin variables" Xj, Xi, Zi, ai and Tj, 
while Fj measures the "separation" between neighboring compound spins. 

This is clarified by the following definition; it describes the transformation 
to the new local variables. In order to simplify the notation we first define 
auxiliary variables Ui, Wi and Yi. 

Definition 2.9. We introduce the abbreviations 

(2.28) Ui:=\[Xi+Xi], l<i<n, 

(2.29) Wi := F, + Ui+i-Ui, l<i<n- 1, 

i-l 

(2.30) Yi := -Zq -^Wj, l<i<n. 
Recall the abbreviations (2.3). We set 

(2.31) A^") := {((xe)e, {yi)^, T) e A(") ■.zo = l,y^^O for all i}. 
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and we define ^' : 



(2.32) 



(2.33) 



(2.34) 



X,(a;)+y,((^) 



((^e). 



iyi)l<i<n, 



T), as follows: 



Xi 



^X,iu;)+Yiiuj) 



1, Zi=e 
^'u.cc(Ti(w), 



1 <i <n; 

Z,(a;)+(y,H+y,+l(a;))/2 



1 < i < n ■ 
,7;(a;)). 



1; 



For our analysis below, it is essential to consider as our new (capital) 
variables logarithms of quotients roughly of the type Xe/xg/ or x^/yf, with 
e close to e' and close to level i, since these variables turn out to have 
uniformly exponential tails. There is some arbitrariness in the choice of the 
precise form of the change of variables. Our choice was optimized so that the 
estimate for the local Hamiltonians in Proposition 3.2, is valid for sufficiently 
small values of a. 

Speaking very roughly and using the statistical mechanics picture again, 
Yi may be viewed as the center of the ith compound spin, while Xj, Xi and 
Zi can be considered as distances of the constituents of the ith compound 
spin to the center. The constituents are bound together by strong internal 
forces. In the intuitive picture, the locations X_i + Yi, Xi + Yi and Zi + 
^{Yi + li+i) of the constituents are logarithms of the original edge weights 
Xe- Multiplicative scaling of these weights corresponds to shifting the whole 
spin chain. 

We note that ^ has full Q(")-measure, that is, Q(")[A^'"^] = 1, and that 



A^"'' is a bijection. Its inverse ^ 



the following equations: 



1:AS") 



O^*^) is expressed by 



X, 



1 S-i 

In—, 

yf 



Xi 



In -2, 



ai = sgnyi 



Ti = [^^,UT)],, 



Zn 



In—, 

yf 



In 



(2.35) 
(2.36) 
(2-37) 

The following relations are also useful: 
Yi=2ln\y,\ 

(2.38) 



1 <i <n, 

Zi 



\yiyi+i\ 



Zn 



1 Zn 

In^, 

yi 



r, = i 

2 



In- 



+ ln- 



l<i<n-l. 



{2Li + Xi — 2Li — Xi) — Zq 



i-l 



J' 



1 < i < n. 
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(2.39) Wi = Yi- Y,+i = In 



Vi 



1 ' 
Vi+i 



(2.40) ri = [Ui + Yi\-[Ui+i+Yi+i], l<i<n-l. 

The reason to take yi squared is its scaling behavior in (2.14). 

The image measure of Q^") with respect to the transformation ^'^^ : a["^ — > 

measure; we show this in Lemma 2.13. 
But first, we introduce the relevant local Hamiltonians for this Gibbs mea- 
sure. Since we deform the Gibbs measure later, we introduce a "deformation 
parameter" rj already at this point. In the language of statistical mechanics, 
one may view rj as an external force, coupling to the "separation" Tj between 
compound spins. Without deformation, r] takes the value 1/4. 

In analogy to (2.28) and (2.29), we use the following abbreviations: 

(2.41) U=^{X + X), [/' = i(X' + X'), w = r + u'-u. 

Definition 2.10. For G M, we define ifmiddie,a,r; : ^^cycic x Sprung x f^cycie - 
IRU{cx)}, 

Hmiddle,a,'q{K,X,(T,T\Z,r\X^ ,X ,a',T') 

■ — -^^ln,a ~l~ -^linear, a ~l~ -f^tree ~l~ -f^expl ~l~ -f^expll ~l~ -f^constraint ^F 
= -f^middle,a,0 — V^j 



In, a 



(2.42) :: 
where 

(2.43) 
(2.44) Hx 

(2.45) 



(2.46) i^expl 

(2.47) FexpII 

(2.48) -^constraint 



tree 



+ ln[e^+^/2 + e^'-^/2^e^]}, 
-{a + \)[U + U' + Z], 

\ [t{T=C}2L. + 1{T=D}-'^ + 1{T'=C}^' + t{T'=D}X ] 

+ [l{r'=B} + l{r=A}]^ + \ [^{T'=B} - l{r=A}]^ 

- |[1{T=A} - l{T=B}]t^ + ^[l{T'=yl} " '^{T'=B}\U' ■, 
i[e-^ + e-^ + e-^' + e-^']. 



+00 • t{T=A,T'=B}- 



The piece -f^constraint encodes the constraint (Tj, Tj+i) / [A, B) for the tree 
variables; intuitively speaking, the energy required to violate this constraint 
is infinite. 
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We define the reflection ^ hj = B, = A,Cy = C and = D. 
For uj = (X,X,c7,T) € recycle, we define uj*~* := {J£,X,a,T^). We observe 
the following reflection symmetry property: 

(2.49) i/middlG,a,r;('^|^, r|a;') = ffmiddle,a,-r;('^' \Z,—T\lO^). 

The two ends of the ladder need some extra consideration: 



Definition 2.11. We define i/ieft,a : ^icft x S^cycie ^ M by 

(2.50) Hic{t,a{Z\2L, X,a,T) = HMt,a ■= -f^lcft,ln,a + -f^Ieft.tree + -f^cxp + ^5 

where 



(2.51) ificft,in,a := «ln[e^ + e^] + (a + i){ln[e^ + e^] - [U + Z]}, 

(2.52) 

+ t{T=B}Z + 2 [1{T=A} - t{T=B}]U, 

(2.53) /?exp := l[e-^ + e"^] + ^e^^. 
We define i/right,a : f^cycic x Onght ^ M by 
-f^right,a( X,a,T\Z) 

(2.54) 

[/ 

-ff right, a • -f^right,ln,a ~l~ -^right,tree ~l~ -f^exp J 

with 

(2.55) //right,in,a := {a + |){ln[e^ + e^] + ln[e^ + e^] - [U + Z]}, 

-ffright,tree := M^{T=C}2L + 1|T=D}-^] 

(2.56) 

+ 1{T=A}Z - ^[1{T=A} - ^{T=B}]U. 

The total Hamiltonian is defined to be the sum of all local pieces; here 
the deformation parameter ij equals 1/4: 

Definition 2.12. We define F^") : ^ M U {00} by 

H^'^\uj) := i?lcft,a('^lcft|^i^cycle,l) 

71-1 

(2-57) + ^ -ffmiddle,a,l/4('^cycle,i|'^rung,i|'i^cycle,i+l) 

1=1 

+ -f^right (^cycle,n I '^right ) • 
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The fohowing lemma shows that the Gibbs measure defined by the total 
Hamiltonian H^"') indeed describes the random environment for the rein- 
forced random walk, transformed to the local spin variables. 

Recall Definition 2.9 of the bijection ^ and the definition of the reference 
measure dut on r^*-"-* in Definition 2.8. 

Lemma 2.13. iei P(") denote the image measure o/ Q^"^ {restricted to 

the set A|"^ of full measure) under the map "^"^ : A^"^ il^'"^ that is, for 
all measurable functions /: A^"^ ]R+, we have 

(2.58) / /(iQ(")= / /o^rfipW. 

Then P^"^ has the following representation as a Gibbs measure: 

(2.59) dP(") = [z(")]"^e--^*"^(^) dio, 
with :=/n(n) e-^^^'^^^Uuj. 

Proof. The presence of -fTconstraint in the Hamiltonian guarantees that 
g-_f/(") -g j]2figg(i supported on range(^'~^) = 0^"^ C 0^"^ that is, e~^'"^ = 
as soon as one of the constraints {Ti,TiJ^i) ^ [A,B) is violated. 

For / : A^") as above, we get the following by the transformation 

formula and the definition (2.16) of ' 



(n). 



/_ (/o^)($W o^)Jda;, 



(2.60) 

_ (3n)! 

with an appropriate Jacobi determinant J ^ specified in (2.70). Recall that 
the components of w, described in (2.26), consist of both continuous and 
discrete parts. The Jacobi determinant J is taken only with respect to the 
continuous variables with the constant value zq = 1 dropped. 
Because of (2.60), it suffices to show that 

(2.61) -ln($(")(^(cj))J(cj)) (w) +C6 

holds for all uj in the domain Q^^^ of ^ with a constant CQ{n) G M. We rewrite 
the density given in (2.6) as follows: 

$W(x,y,r) 



(2.62) = exp 



X n ^ 't^^/. — nfc^r^n-r^ n 

i=l l^l^ii i=l i=0 eeE{T) 
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Using the explicit form (2.5) of A^'^\ we express the argument of the first 
exponential term as follows: 



n-l 

+ E 

j=i 



iVi - Vi+if 



-2Y 



i=l 



n-l 



(2.63) 



1=1 ) 

= -f^exp ('^left I ti^cyclc, 1 ) 
n-l 

~l~ ^ ^ (-^cxpl ~l~ -f^cxpll)(^cyclc,i|'^rung,i I'^cyclCji+l) 
i=l 

+ Hcxp {^cycle,n I bright ) ■ 

This is the exponential part of the Hamiltonian Next, we analyze the 

part of the density ^^"^^ which depends on the parameter a. For 1 <i <n — l, 
we have by Definition 2.9 and (2.39) 

Tjr ™ Tjr. -, y2la/2+l/4 
~ ^ [a..a.^](3a+l)/2 

(2.64) = ln[e^«+^' + e^^+^+^^+i + e^»+(^»+^-+i)/2] 

^ 3a + 1 ^^jgX,+yi _^ gX,+i+yi+i _^ gZ,+(yi+y,+i)/2j 



1 



3a + 1 X 



— (-f^ln,a ~l~ -f^linear,a)(''^cycle,i|'^rung,i|'^cyclc,i+l) ~^ ^+l]' 

Similarly, a calculation using Definition 2.9 and in particular Yi = —Zq yields 



In 



a+1/2 a 
-^0 
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" ' 2 



(2.65) + aln[e^i+^i + i] _ g + ^JLi + Xi + 2Yi) 

= aln[e^i + e^°] + (a + l) {ln[e^i + e^°] -Ui-Zq}-^ 



-f^lcft,ln,a('^lcft|'i^cycle,l) ^ 



and 



In 



TjT ^2la/2+l/4 



(2.66) - Q + ^)(^„ + ^n + 2Z„ + 4y„) 
a + {ln[e^n + e^"] + ln[e^" + e^"] - t/„ - Z„} 

— -ffright,ln,a(^cyclc,n|^right)- 

These are the parts of the Hamiltonian which depend on the parameter a. 
Recall the definition of ^ from (2.32)-(2.34): 

^(^0) (^j,^i, Cj,Tj)i<j<„, (Zj,rj)i<j<„_i, Z„) 

= ((Xj,Xi)i<i<„,Zo,(2:i) (yi)l<j<n>^) 

(2.67) _ 

e^"+^",((7ie^'/2)^^.^^^^^^^^((j,)^^.^^)) 

with 



(2.68) Yi = -Zo + \{X^ + Xi-Xi-Xi)-Y,T 



i-l 

r 



by (2.38). Consider the map ^ with the discrete arguments cjj and Tj taken 
fixed and the discrete component T and the constant component zq = 1 in 
the image vector dropped. We write this map as a composition of three 
maps: 

{Zoj2LijXi, . . . ,x_^, Xn, Zi,Ti, . . . , z„_i, r„_i, z„) 
' — ^ {2Li,Xi, . . . ,2Lni Xn, Zi, . . . , Zn, ZqjTi, . . . , r„_i) 
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(2.69) 



(iKl) ^li • • • jiKri) -^n, Zi, . . . , Zn, Yi, . . . ,Yn 
{Xi, Xi, . . . , Xfi, Zi, . . . , Zn,yi, ■ ■ ■ , Un)- 



The map vr is just a permutation; thus, its Jacobi determinant has ab- 
solute value 1. Using (2.68), the Jacobi matrix Dx is a lower triangular 
matrix having only the entries +1 and —1 on the diagonal; thus its de- 
terminant has also absolute value 1. Finally, the Jacobi matrix is an 
upper triangular matrix; the values on the diagonal are given by dx^/dX^ = 
e^,+>'», dxi/dXi = e^»+^% dzj/dZj = e^.+«+^.+i)/2, dzn/dZ^ = e^"+^- 
and dyi/dVi = ^fTje^'/^ with 1 <i <n and 1 < j < n — 1. 

We observe that the Jacobi determinant J' occurring in (2.60) equals 



J = |detL>(Hoxo7r) 



detL>- 



(2.70) 



n 



i=l 



n-l 

1=1 



in 

i=0 



Consequently, 
(2.71) -In 



nln2- i^y^. 



. i=\ i=0 J i=l 

It remains to analyze the part of the density which depends on the 
spanning tree T. We note that 



(2.72) 



i=l i=0 e€E{T) efE{T) 



Furthermore, using the definition of the tree variables A, B, C and D (see 
Figure 2) and the possible transitions between them (see Figure 3), we obtain 



In 



n 

eiE{T) 



Xl[]l{r,=c} Inxi + t{T,=D} Inx,] 



i=l 



n-l 



%=A} + l{r. 



--B^ 



I In Zi 



1=1 



(2.73) 



+ l{ri=B} Inzo + 1{T^=A} In^r, 

n 

'^[t{T,=C}Ki + t{Ti=D}Xi] 
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n-1 



i=l 
n-1 



i=l 



The remaining term R is specified in (2.74); recall that Wi = Yi — l^+i by 

(2.39). Using the identity 1{t,=a} + 1{t,=b} + 1{T,=C} + 1{t,=d} = 1, we see 
that 



n-1 



i=l i=l ^ 

n 

(2.74) =^[l-i^^^^^j-i^^^^^j]y, 



j=l 



n-1 



+ E[lm=A}^i + l{T,+i=B}^i+l] + HT^=A}yn 
n 



i=l 



For the last equality, we used Y\ = — Zq by (2.30). Combining (2.73) and 
(2.74) with the definitions (2.45), (2.52) and (2.56) of Ftrcc, -H'icft,tree and 

-ffright,tree, We get 



In 



n 

leiE{T) 



(2.75) 



^^left,tree (i^loft | "^cyclc, 1 ) 
n-1 

~l" ^ ^ -f^tree(^cycle,i|'^rung,j|'^cycle,i+l) 
i=l 

n 

+ -ffright,trcc(^cycle,n|'^right) ~l~ ^ ^ 



i=l 

Note that the terms involving Ui in i7ieft,tree5 -f^tree and -ffright.tree form a 
telescopic sum, which vanishes. The right-hand side in (2.75) is the part of 
the Hamiltonian depending on the spanning tree T. 

Next, we sum up (2.63)^(2.66), (2.71) and (2.75). Recah that in the def- 
initions (2.50) of i?ieft,a and (2.54) of -ffright,a; there are additional terms 
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±C//4. We get the following result on the set Cl^"^^: 
-ln(($Wo^')|J|) 

4 = 1 

1 n—1 -i^ -inn 

(2.76) __^(y^ + y^^^)_^ + nln2--^y, + ^y, 

i=l i=l i=l 

-1 n—1 

= i/W + nln2 + - ^(Fi - [C/i + y,] + [C/^+i + y^+i]) 
i=i 

= i/(") +nln2, 

where we used (2.40) in the last step. This proves the claim (2.61). □ 

3. Bounds for the Hamiltonian. In this section we bound the local Hamil- 
tonians from below, showing that they increase at least linearly at infinity. 
Unfortunately, these estimates are technically involved; but fortunately, for 
the remainder, it suffices to know only the statements of Propositions 3.2 
and 3.5 and of Lemma 3.3. 

3.1. Bounding i^middle,a,r;- The key to the linear bound of -ff middle, a,?? 
lies in the solution of a linear optimization problem. It seems to be more 
convenient to consider a dualized problem; this is why we introduce "dual 
variables" kt,t' in the following lemma. 

Lemma 3.1. Let a = 1/2. Then there are Krprp, > 0, k^ti > 0, k^^, > 
and H'rp J./ > with 

(3.1) !SiT,T' ~^'^T,T' = \ O-'IT-d I^TT' ~^^TT' — \^ 

such that one has 

T 

Hln,l/2 + -f^lincar,l/2 + Htrcc + -^constraint — "T 

(3.2) _ _ ^ , -/ 

Proof. Due to the presence of -^constraint in the claim (3.2), there is 
nothing to show in the case (T,T') = [A,B). Thus let us assume {T,T') G 
{A, B,C,DY \ {{A,B)}. Using ln(e^ + + e^) > max{x,y,z}, we estimate 
-f^in,i/2i defined in (2.43), from below by a convex combination: For all 

a, /9, 7, a, /9, 7 > with 

(3.3) a + /3 + 7 = l and + ^ + 7= 1, 
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we get 



(3.4) 



ln,l/2 - 4 

5 

> - 



max<^ X H ,X ,Z\ + max<^ X -\ ,X 



z 



a[X + 



f w\ —f—i w 

+ jZ + a{X + —] +p[X - — ]+jZ 



K. 



It suffices to sliow tliat for all 15 possible values {T,T') G {A, B,C, D}^ \ 
{{A,B)} of the tree variables, there exist 



(3.5) 



a>0, /3>0, 7>0, a>0, /3 > 0, 



7>0, 



SO that (3.1), (3.3) and 

r 



(3.6) K + 



linear, 1/2 



hold for all real values X, X, X/, x' , Z and T. Indeed, the claim (3.2) 
follows from (3.6) and the bound (3.4). 

Equation (3.6) is equivalent to the system of equations for the coefficients 
of X, X, X', X', Z and T in (3.6). This system together with (3.1), (3.3) 
and the inequalities (3.5) form a system of linear equations and linear in- 
equalities. We solved this system with a computer for all 15 possibilities for 
the tree variables (T, T'). Here is one possible solution: 



a 



Jq[1{T'=A} - 1{T'=_B} + 1{T'=C} 

— l{T=A,r'=D} + 1{T=S,T'=D} + '^{T=C,T'=D}] 
+ ^[3 + 1{T=A} - l{r=B} - 2 • 1{T=C} + 1{T=C,T'=B}]) 
^ Jo['^{T'=B} - 1{T'=A} - 3 • 1{T'=C} + 1{T=A,T'=D}] 

+ ^[2 - l{T=yl} + 1{T=B} - 1{T=B,T'=A} + 1{T=C,T'=B} 
+ l{T=A,r'=C} ~ 1{T=B,T'=C} ~ l{r=B,T'=D}]) 

(3.9) 7:=l-a-/?, 



(3.7) 



(3.8) 



(3.10) a : 

(3.11) P: 



I + tl{T=A} - a, 

I + tl{T"=B} - A 



(3.12) 7 := 1 - 
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and 

!^T,T' '■=\[^ + 1{T=C,T'=B} - l{r'=B} 

(3.13) 

— 1{T=^,T'=D} ~ 2^{r=D,T'=D}]5 

(3.14) KT,T' ■■= J- Kt,T', 

!^T,T' •= ~ 1{T'=B} - 1{T=A} + 1{T=B,T'=B} 

(3.15) + 1{T=C,T'=B} + l{T=A,r'=C}] 

+ l[t{T=A,T'=D} - l{r'=D}]> 

(3. 16) Kj^ j^f — Kj^ j^/ . 

Indeed, an elementary but tedious calculation shows that (3.6) and the in- 
equalities (3.5) are fulfilled for our choice. We checked all the conditions 
with the help of a computer algebra system, but they can also be checked 
by hand for the 15 combinations of the tree variables. This completes the 
proof. □ 

The following lemma bounds the local Hamiltonians "in the middle" of 
the ladder. We split off the exponential part -ffcxpii, since this refined bound 
is needed in a deformation argument in Section 4.2. 

Proposition 3.2. For all a > 1/2 and for all rj G [-1/4, 1/4] one has 

-f^middle,a,n — -^middle, a, r; -f^cxpll 

(3.17) 

> C7{a)[\X\ + \x\ + \z\ + |r| + + |X'|] 
with the constant 07(0) = jq min{a — ^, 1} > 0. 

Proof. In the estimate (3.19), we use the elementary bound 
3 ln(e^ + e^ + e^) — X — y — z > 3 maxjx, y,z} — x — y — z 

(3.18) 

> ^[\x -y \ + \x - z\ + \y - z\] 

twice, for X = X + W/2, y = - W/2, z = Z and for x = X + W/2, y = 
X — W/2, z = Z. Furthermore, we use an average between the two bounds 
+ 1x21 + |x3| + |x4| > |xi + X2 + X3 + X4I and |xi| + |X2| + |X3| + |X4| > 
l^^i ~3;3| + |x2 — X4I in the third step in (3.19), and we abbreviate a = o — 1/2. 
This yields 

{H\a,a + -f^linear.a) — (-f^ln,l/2 + -f^lmcar,l/2) 

= |[31n(e^+^/2 + e^'-^/2 + e^) 
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+ 31n(e^+^/2 + e^ "^/^ + 


)- 


X- 


-r- 


-X- 


a 

> - 
- 4 


\x-2£l + w\ + 


w 

X + --Z 


+ 




w 
~ T 


- z 



— w 






^-z 




x + z 


+ 


x'- 






2 




2 





(3.19) +\X-X + W\ + 



> '^[\x-x' + w\ + \x-x' + W\] 

+ - [|X - X| + |X' - X'l + |X + X + X' + X' - 4Z| 



> ^\x + x-2(!-x' + 2W\ 



Or,,, 



\X-X\ + \X: -X\ + \X + X + JC + X -4Z| 
Lemma 3.1 implies that 



(3.20) 



-f^ln,l/2 + -f^lincar,l/2 + -f^trcc + -^constraint — ^ 

> ^[min{X,X} +min{X',X'}] 



holds. We also need the following fact: For all e > 0, we have 

(3.21) min{x, y} + e""" + e"^ + e\x -y\> 6{\x\ + |y|), 

where 6 = min{e, 1/2}. To prove this fact, we may assume y >x without loss 
of generality, using symmetry. Abbreviating u_ :=max{— u, 0} and using 
e~" > 2u_, we get the claim (3.21): 

minjx, y} + + + e\x — y\ 

>x + 2x- + 2y_ + S\x — y\ 

(3.22) =\x\-6x + 2y_+dy 

>{l-6)\x\+6\y\ 

>H\x\ + \y\). 

Combining (3.19), (3.20) and the definition (2.46) of H^xpi, we conclude 



-f^middlc,a,l/4 -ffcxpll 



{Hln,a + -f^lincar,a) " (-f^ln,l/2 + 



linear, 1/2 J 



(3.23) 



r 



+ ( -f^ln,l/2 + -f^lincar,l/2 + -f^troc + -f^constraint ~ T ) + -^^expl 
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> -\X + X-X' -X' + 2W\ 

+ ^[\x-x\ + \]C-x'\ + \x + x + x^ + x'-^z\] 

o 

+ ^ [min{X, X] + min{X', X'} + e"^ + e"^ + e"^' + e"^'] . 

For the first summand in tlie last expression, we use tlie relation (2.41) 
between W and F. Then, two applications of the fact (3.21) with e = a/2, 
5 = min{a/2, 1/2} yield the following lower bound for the terms (3.23): 

(3.23) > ^|F| + '^\X + X + X! + X'-AZ\ 
2 8 

+ ^[|^| + |^| + |^'| + |^'|] 

> -|F| + -|X + X + X' + X'-4Z| 

(3.24) ^ ^ 

+ {[\x\ + \x\ + \x!\ + \x'\] 

>^iF| + ^izi + ^[ixi + |X| + in + ix'i] 

> ^[\x\ + |X| + \Z\ + |F| + \x!\ + |X'|]. 

o 

In the case r] = 1/4, this proves the second inequality in the claim (3.17). By 
the symmetry property (2.49), this implies the second inequality in (3.17) in 
the case r/ = — 1/4, too. For — l/4<r7<l/4, -ffmiddic.a.r; — -f^cxpii is a convex 
combination of -ffmiddlc,a,i/4 - -f^cxpll and i?middle,a,-i/4 - -f^cxpll- Thus we get 
the second inequality in (3.17) in the general case, too. The first inequality 
in (3.17) follows immediately from i^cxpii ^ 0; recall its definition (2.47). □ 

Lemma 3.3. For all uj = {X,'X,a,T) G recycle, = (X',X', cj', T') G 

^^cyclc, Wrung = {Z,T) € l^rung, the map 

(3.25) [-1,1] 3 7^-f^middic,a,o('w|-^,r + 7l{a^(7'}l'^') 

is twice differentiahle with the following hounds on its derivatives: 



^y-ffmiddle,a,o('^|-Z',F + t^^„^„,^^^\iJ') 



sup 

"1<7<1 

(3.26) 

< C8 + ifcxpIl('^|iWrung|'W 



holds for j = 1,2 with some constant cg = cs{a) > 0. 
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Proof. Let j G {1, 2}, and let Q-y denote the map (tjlcjrungl'^') ^ {uj\Z,T + 

By (2.41), T = W + U — U' . Hence, the terms contributing to the deriva- 
tives under consideration are those depending on T and W. Consequently, 
using the explicit form of i:^middicaO from Definition 2.10, we see that 



(3.27) 



sup 

-1<7<1 



^;;^[-f^middle,a,0 ° ©7] 



< Cg + sup 

-1<7<1 



g-[Hln,a o ©7] + ^[^expll o ©7] 



with a constant cg > 0. It is not hard to see that In[e^+'^/2 + e^'~'^/'^ + 
e^] is bounded for j = 1, 2. Hence, 



(3.28) 



sup 

-1<7<1 



< ClO 



with a constant cig > 0. By the definition (2.47) of -ffcxpii, we have 
(3.29) /^expii o = i[e(^°®-)/2 - 2aa' + e-('^°0.)/2]e-^ 



with W o Qy = W + l{(j^o-'}7- Thus, the following hold: 
d 



(3.30) 



(3.31) 



sup 

-1<7<1 



^7 



cxpll o ©7 



sup 

-1<7<1 



= sup 

-1<7<1 
< -f^cxpll , 

dy 



[-f^cxpll o ©7] 



sup 

-1<7<1 



lrp(W°e^)/2 _^ g-(Wo0^)/2i^-Z 



cxpll • 



For the last inequalities in (3.30) and (3.31), we used that \e^^~^'^^/'^ ± 
g-(W+7)/2| < 2(eW/2 _ 2aa' + e'^/^) for -1 < 7 < 1 on the event {a / a'}, 
that is, for —2aa' = 2. The claim follows from the bounds (3.30) and (3.31) 
together with (3.27) and (3.28). □ 
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3.2. Bounding i/ioft,a o,nd -ffright,a- The bounds for the boundary parts 
in the total Hamiltonian are obtained roughly similarly to the bound of the 
"middle" piece. 

Lemma 3.4. Let a = 3/4. The following bounds hold: 

(3.32) Ficft,3/4 - -f^cxp > ^/4 and Fi.ight,3/4 - -f^oxp > ^/4. 

Proof. Let T G {A, B, C, D}. First we estimate -f/'ieft,3/4- For all a, /3 e 
[0, 1], we have 

(o + i) ln[e^ + e^]+a ln[e^ + e^] 

(3.33) > I max{X, Z} + | max{X, Z} 

> l[aX + {l - a)Z] + |[/3X+ (1 - /3)Z]. 

We choose 

(3.34) a = ll{T=A} + f 1{T=B} + il{T=D}, 

(3.35) P = ^1{t=a} + Mt=b} + IMt=c}- 

Substituting the bound (3.33) with this choice in Definition 2.11 of -fficft,3/4, 
an elementary but tedious calculation shows that the bound on the left-hand 
side in (3.32) is satisfied. 

Similarly, we get a bound for -ffright,3/4: For all a,/3 E [0, 1], we have 

(a+i){ln[e^ + e^]+ln[e^ + e^]} 

(3.36) > f [max{X, Z} + max{X, Z}] 
>j[aX + {l- a)Z + (3X + {1- f))Z]. 

This time, we choose 

(3.37) a = |l{T=A} + |l{r=B} + ^l{r=c} + f l{r=D}) 

(3.38) f3 = a + ll{T=c}-lMT=D}- 

Substituting (3.36) in the definition of -ffright,3/45 the bound on the right- 
hand side in (3.32) is also satisfied. □ 

Proposition 3.5. For all a > 3/4, we have the following estimates: 

(3.39) HMt,a > cu{a)[\X\ + |X| + \Z\], 

(3.40) Fright.a > cuia)[\X\ + |X| + \Z\], 
with the constant cn{a) = \ min{a — |, |} > 0. 
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Proof. Let a > 3/4, and let a = a — 3/4. Using the estimate 21n(e^ + 
e^) — X — y> 2max{x,y} — x — y = \x — y\, we obtain 

Hieit,a - ^fieft,3/4 = a{ln[e^ + e^] + ln[e^ + e^]-U-Z} 

(3.41) 

>^{\X-Z\ + \X-Z\}. 

Combining this with Lemma 3.4 and the bounds Hcxp > e~^/2 and Z + 
2e-^ >\Z\ yields 

i^ieft.a >^{|X-Z| + |X-Z|} + i[Z + 2e-^] 

(3.42) >cii{a){\X-Z\ + \X-Z\+3\Z\} 

>cn{a)[\X\ + \X\ + \Z\]. 

This implies the claim (3.39). The estimate (3.40) for i^right.a follows with 
the same arguments; one just replaces "left" by "right." □ 



4. Statistical mechanics of the random environment. 

4.1. Transfer operators. In this section we introduce a transfer operator 
Kjj, and we show that it is a Hilbert-Schmidt operator. A Perron-Frobenius 
type argument yields all the spectral information about J^,, that we need. 

Definition 4.1. Let dojcycic denote the Lebesgue measure times the 
counting measure on Ocycio- We define the following Hilbert space: 

(4.1) H := L^(r2cyclc, S(Ocyclc), di^cycle)- 

The scalar product in 7i is denoted by 



(4.2) {fg):= fiuJcyc\c)g{^^cyclc)doJcyc\e- 

Lemma 4.2. Let cj{a) he as in Proposition 3.2, let cii(a) be as in Propo- 
sition 3.5 and let cuia) := min{c7(a),cii(a)}/2. For ujryr^o = ( X,X, a, T) g 
recycle and 

rung! we define 

(4.3) llt^cyclcll := ci2(a)(|^| + 1^1) and HwrungH := ci2(a)(|Z| + |r|). 
Take a random variable T : recycle ^ ^^rung x ^^cyclc ~^ ^ satisfying 

(4.4) \T{uj\uj,^ng\uj')\ < ci3eli'^ll+ll^-"gll+ll'^'ll+^-p"(^l^-"gl'^') 
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for some constant C13 > 0. For —1/4 < rj < 1/4, the function : recycle x 

f^cycle [0,00[, 

(4.5) k^{uj,uj'):= I T(a;|c^,ung|a;')e-^-'^'^'^'-''^"l"^""^l"'^(ia;rung, 

J Sprung 

is well defined. The integral operator {acting from the right) 

K^-.n^n, f^fK^, 

(4.6) 



{fK^){uj')= / f{u)k^{u;,uj')du; 

•J ^^cyclc 

is a well-defined Hilbert-Schmidt operator. In the special case T = 1, we 
write kri :=k^ and Kn := K}^ . 

If we drop the summand -ffexpll in the exponent of assumption (4.4), this 
assumption only gets stronger, because -ffcxpll ^ holds. 

Proof of Lemma 4.2. By Proposition 3.2, i^middie.a,?? > 2(||u;|| + HwrungH + 
||u;'||) + -ffcxpii- Hence, using (4.4), the integrand in (4.5) is bounded by 

ci3e~"'^"~"'^™slhll'^'ll . Integrating over Wrung, we get 

(4.7) \k'^{uj,J)\<ciie-\\^\\-\\^'\\ 

with a positive constant cii{a). In particular, k'^ is well defined. Conse- 
quently, the following integral is finite: 

(4.8) I I k'^ {ijj,Jf dujduj' <oo. 

^ cycle ^cyclc 

This shows that :7i is a Hilbert-Schmidt operator. □ 



Definition 4.3. When there is no risk of confusion, we use the following 
notation similar to the left and right operation of matrices: We denote the 
adjoint K* -.Ti of Kr^ :7i by the same symbol K^j, but acting from 
the left: 

(4.9) 

{Kr,g)iuj)= I 

^cyclc 



{Kng){u))= 1 kn{uj,uj')g{uj')duj'. 

■^^cyclc 

In particular, {fKr,g) = {{fKr,)g) = {f{K^g)). 



Lemma 4.4. The spectral radius A,; > of Kj^ is a simple eigenvalue 
of Kj^ with unique {up to normalization) positive left and right eigenfunc- 
tions Vrj>0 and v* > 0, that is, VrjKrj = VrjXr^ and K^v* = A^v*. Every other 
eigenvalue A of K^^ has modulus |A| < A^. 
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Proof. This follows from Jentzscli's theorem; see, for example, The- 
orem 6.6 in [13] or Theorem 43.8 in [18]. We verify the hypotheses of 
Jentzsch's theorem: First, is compact by Lemma 4.2. Second, consider a 
subset S C recycle with the property that S and Ocyde \ S have positive refer- 
ence measure. We check that ^ krf{uj,uj') du duj' > 0. Indeed, for T G 

{A,B,C,D], let := x {±1} x {T} C J^cycio- RecaU that kr,{uj,uj') > 
iff (uj,(jj') ^ VLa X ^Ib- Note that Qc n S or Qq \ S has strictly positive refer- 
ence measure, and kr^{uj,uj') > for all {io,Lo') G {^Iq H 5) x (Ocyde \ S) and 
for all {io,u)') £ S X (Qq \ S). Thus, the hypotheses of Jentzsch's theorem 
are fulfilled. 

The same argument applies to K*. Furthermore, it follows from the corol- 
lary to Proposition 5.1 on page 328 of [13] that A,, is an (algebraically) simple 
eigenvalue. 

□ 

We state an immediate consequence of this lemma: 

Corollary 4.5. Let Vrj, v* be normalized such that (vr^v*) = 1. Let 
Mrj -.TL ^TL, / I— > fMri = {fv*)vr^. Then as oo, X~'^K^ (acting from the 
right) converges to M^j exponentially fast with respect to the operator norm 
II ■ \\n~*n- 

Definition 4.6. We define 5icft, fcght : f^cycic ^ M by 

(4.10) fficft(^cycic) := / e-^'^ft(^''^^-='=)dZ, 

JR 

(4.11) bright (^cycle) := / e"^^'^'^* ("^-^'-^^ dZ. 

JR 

Lemma 4.7. One has gi^ft G Ti. and bright G 

Proof. By Proposition 3.5, -f^right,a > Hi^cycioll + ci2{a)\Z\. Hence, 



(4.12) ||5right|lw=/ [ / e-^^'sh*('^-^-'-^)c?Z 



2 



and bright £ Replacing in the above argument "right" by "left," we con- 
clude that 5ieft GTC. □ 



4.2. A deformation of the Gibbs measure. This section contains one of 
the central pieces of the whole proof of recurrence: We deform the Gibbs 
measure by changing rj = 1/4 to the "more symmetric" value rj = 0. In the 
language of statistical physics, the "spin chain" at the "physical" value t] = 
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1/4 is exposed to "external forces" of opposite directions at its two ends, 
causing the "symmetry breaking term" rjTi in the Hamiltonian. The origin of 
this symmetry breaking term is the different scahng of the term Xq belonging 
to the starting point in the density (2.6). We compensate this external force 
artificially by setting rj = 0, that is, by applying an external "counter-force," 
at least for the part of the spin chain between level and level j. We define 
the corresponding "artificially deformed" Gibbs measure i^nj- 

Lemma 4.8. For n G N and j < n, let 
(4.13) S,:=i^r,, 



i=l 



(4.14) Znj := E^^n)[e 
Then Znj is finite; thus the following probability measure is well defined: 

(4.15) dz.„j:=^dpW. 

Proof. Using Definition 2.13, we know = / e~^^"^~^^ duj. Note 

that 

= -ffleft,a('^lcft|'^cyclo,l) 

i 

(4.16) +Y. 

cyclc,j I '.'-'rungji I '.'-'cyclc,i+l ) 

1=1 

n-1 

"I" ^ ^ -^middle, a, 1/4 (^cycle,j|'^rung,i|'^cyclc,i+l) 
i=j+l 

+ i?i-ight,a(''^cyclc,n I'^^right) 

holds; recall Definitions 2.10 and 2.12. As a consequence of the bounds (3.39), 
(3.40) and (3.17) for i?ieft,a, i^right.a and i?middie,a,^ , the term e-^'"'H-s,H 
tends to exponentially fast as at least one component of lo tends to ±00. 
Thus Znj is finite, and we get 

g_f^(")(^)_s,.H 

(4.17) dz.., = ^-^^da;. ^ 

Lemma 4.9. Let T: recycle ^^nmg x ^^cycic — > K &e a random variable 
such that the bound (4.4) holds. Then the expectation o/T(tiJcycio,i|'-^rung,j|'^cydo,i+i) 
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with respect to Unj exists and is uniformly bounded for i,j,n with i <n and 
j <n. It can be written as follows: 



(4.18) 



^i^n ,j['^('^cyclc,i|'^rung,i|'^cyclc,i+l)] 

(5lcfti^0^r/7~"^S'right) 



for i< j <n, 
for j <i <n. 



Proof. We abbreviate Krj := \ and Tj := T(u;cycie,i|wrung,i|wcycie,i+i)- 
Using Fubini's theorem, (4.16), Lemma 4.2 and Definition 4.6, we calculate 
for 1 < i < J < n: 



(4.19) 



^'dw {gicftK^oKy^^ Affright) 



bright 



Note that the denominator in the last expression does not vanish. This shows 
that Eu„^[Ti] exists and is given by (4.18). 
We claim that 

(4.20) inf {gMtK'oKui9risht) > 0. 

To prove this claim, we observe that for every fixed j and m, 

(4.21) {gieftKiKr/49ngu) > 

holds, since this is a scalar product of positive functions. Furthermore, Corol- 
lary 4.5 implies 

(4.22) hMtH - {9MtV*o)vo\\H < ci5e-^i« 

for some constants Ci5,ci6 > 0. As a consequence, we get for every fixed 
m > 0: 

(4.23) ^Ikn (5ieftK^i^i745right) = (^icft^'S) (t^o^!745right) > 0; 

note that we have again scalar products of positive functions. Similarly, again 
by Corollary 4.5, we know Ky^gright ~^ ^i/4(^i/49right) in (exponentially 
fast) as m — > oo. Consequently, we get for every fixed j > 0: 

(4.24) lim (5left^o^r/45right) = (5left-^o^j!'/4)(^^l/49right) > 0. 
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Finally, as j and m tend to oo simultaneously, we get 

(4.25) liin (5left^o-^]745'right) = {9MtVo){vovl/^) (f l/45right) > 0. 
m— *oo 

Combining (4.21), (4.23), (4.24) and (4.25) yields our claim (4.20). 

Furthermore, we claim that {g\citKQ~^ KJ Kl,'^ K^^J~^ g^ight) is uniformly 
bounded in i,j,n. Indeed, the sequence (5ieft-^o~^)jeN is bounded in H; it 
even converges. Similarly, Kq ^K^i^ bright is bounded in too; recall that 

Kq and ^^1/4 have the leading simple eigenvalue 1. Thus the numerator on 
the right-hand side of (4.18) in the case i <j <n is uniformly bounded. Sim- 
ilarly, the expression (^left-K'oKj^^" ^1/4^1/4"^ 9right) , that is, the numer- 
ator on the right-hand side of (4.18) in the case j < i < n, is also uniformly 
bounded in i,j,n. Finally, the denominator is uniformly bounded away from 
0. This completes the proof of the lemma. □ 

We apply Lemma 4.9 to the random variables e'^^^^', e'^^'^^^, e'^^'^—i and 
gCirXi some sufficiently small constant ci7(a) > 0. Then the exponential 
Chebyshev inequality yields immediately the following consequence: 

Corollary 4.10. There exist positive constants 013(0) and cn{a) , such 
that for all n G N, j <n and M > 0, one has 

(4.26) i^„,,,[|T|>M]<ci8e-'="^ 

whenever T is any of the random variables Zi, Fj, Xj or Xi with any ad- 
missible i. In particular, for j = we have a bound for Vn,o = P*-"^. 

Proof of Theorem 2.3. We apply the transformations (2.17) and 
(2.58) to express probabilities with respect to Q^") in terms of P^"\ Using 
the expressions (2.35)-(2.40) for Zj, Fj, Xj and Xj, the theorem follows from 
Corollary 410. Note that ln|yi+i/yi| = -14^^/2 = -Ti/2 + XJA + Xi/A - 
Xi^i/A - Xi+i/4 and \n{zi/yf) = Zi - VF,/2 hold for 1 < i < n - 1, and 
that linear combinations of random variables with exponential tails have 
exponential tails as well. □ 

The following lemma states the basic symmetry for 7/ = 0: For ?/ = 0, the 
"separation" F between neighboring spins has expectation 0, at least "far 
away from the boundary of the ladder." 

Recall the definition (4.6) of the integral operator Kq . 

Lemma 4.11. We have {vqKqVq) = 0. 
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Proof. Let r/ G [-1/4,1/4]. Recall Definition 2.10 of i^middie.a.r? and 
its reflection symmetry property (2.49). Using the definition (4.5) of , 
this reflection symmetry yields kl^{ijj,uj') = k^j^{uj'^ ,io^) and /cJ^(cl',ix'') = 
—k^^{Lo'^,io^). Let f ^Ti. We set f^{uj) := f{uj'^). The symmetry prop- 
erties of k}^ and k^ imply 



{fK^r{J)= J f{u:)kl^{u,J^)duj 
(4.27) = I f{ujnk\{oj',uj)duj 



and 



(4.28) = - j f{LO-')k%{Lo\u:)(ko 



We apply (4.27) for the eigenfunction u^: XrjV^ = {vrjKr/)^ = K^rjiy^)- 
Hence, using the uniqueness of the eigenfunctions up to normalization (Lem- 
ma 4.4), we conclude v*_^ = ciQ{r])v^ for some constant ciQ{r]) > 0. We cal- 
culate, using (4.28), 

(4.29) (^;oi^o^^o) = {{v*orivoK^r) = -{iv*or K^v^) = -{voK^Vo)- 
This yields the claim. □ 

The next lemma applies this reflection symmetry to finite ladders: In the 
symmetric case {rj = 0), the separation Lj between neighboring spins does 
not get too large, even in the presence of boundary terms, by an "approxi- 
mate" reflection symmetry. 

Lemma 4.12. There are positive constants C2o(fl); ci6(a), C2i(a) and 
€22(0); such that for all i,j,n £ N with i < j < n the following bound holds 
{uniformly in n): 

(4.30) \E,^^^ [Ti]\ < C2oe-^«' + C2ie-'^'^^-'\ 

Proof. Recall that Krj = Ki'^^v '^^^ representation (4.19) implies that 

^ (5iefti^r'^o ^r*^r/7"'5right) 



(4.31) E,^T,]=X^- 
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By (4.20), the denominator in the last expression is bounded away from 
zero. Thus it suffices to derive a bound for the numerator. 

Recall that the sequence {Ky^gright)meNo is bounded. Using Corollary 
4.5 once more, this implies for some constants C22(«), £23(0), C24(a) > 0, uni- 
formly in m: 

(4.32) < \\{K*oy - MS\\n^n\\Kr/49risu\\n 

<C23e-'=22', 



(4.33) lbo(^^0-?^I/4f right) llw < C24- 

Using Lemma 4.11, we obtain 

Kfflefti:r'^0^^0^V49right)| 

= K5lcfti^r'i^0^i^^^l749right) - (5lcfti^r'^0^S)(^0i^V45right) 

(4.34) 

- {9MtVo){voKQ VQ){voKy^gright)\ 

< 1 1 gicit Kq~ ^W-hWKqW-H^hWKI i^i/45right -Vq{vo Ky^gngtt )\\h 
+ llfflefti^r^ - {9MtVo)vo\\n\\Ko\\H-^nho{voK^/49nght)\\H- 

Combining this with (4.22), ( 4.32), (4.33) and using the facts that ((7ieft-^o~^)*6N 
is bounded in Ti and that is a bounded linear operator, we conclude: 

(4.35) Ksiefti^r'^o ^o^!/4toght)| < C26e-^^^' + C25e-'''^'-'\ 

uniformly in m, with some positive constants 025(0) and C26{a). Substituting 
the bounds (4.35) and (4.20) in (4.31) yields the claim (4.30). □ 

Intuitively speaking, the spin chain described by P^") is exposed to some 
external forces between level and level j that are missing in I'nj- In order 
to estimate the effect of these external forces, we compare with another 
"artificial" deformation t'n,j,7 of i^nj- This deformation is obtained by taking 
the image with respect to some "deformation map" H^j. Roughly speaking, 
one may view Vn.j,^ ^-s an artificial "caricature version" of P("), which IS 
easier to compare with v^j than P^'") itself. 
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Definition 4.13. For 7 G M and j < n, we define the bijection E^j : 

(4.36) ^^j(u;) := {iOMt, i^cyclc,i)i=l,...,m ('^rung,i,j,7)j=l,...,n-l) "bright)) 

where 

(4-37) Wrung,ij,7 : = {Zi,ri + 7l{a,7^(7,+ i,j<j})- 

Thus only the components Fj with i < j get shifted by 7, but only in the 
case CTj /(jj+i; all other components are left unchanged. Let t'nj,7 denote 
the image measure of u^j with respect to E^j- 

By deforming the spin chain with H^j, a deformation of the separation 
Tij between distant spins roughly proportional to j is induced. This is shown 
in the following lemma. 

Lemma 4.14. There are positive constants 027(0) and C28{a), such that 
for all 7 G (0, 1] and for all n,j,i G N with i < j <n, we have the following 
bounds: 

(4.38) \E,,J^,]\<C27, 

(4.39) fnjki / CTi+i] > C28, 

(4.40) £;p„,,,,P,]>C28i7-C27. 

Proof. Using the definition (4.13) of Sj, the claim (4.38) follows im- 
mediately by summing the bound (4.30) over i = 1, . . . ,j . To prove (4.39), 
we consider the map 

(4.41) Si{u!) := (Wieft, (Wcyclo,(,,i)t=l,...,n, ('^rung,Jt=l,...,n-l , bright) 

with 

(4.42) Wcycie,t,i = {2Lc, (l{t<i} - l{i>i})crt, rj, 

that is, just the sign components in lo with l > i get flipped; all other 
components are left unchanged. We calculate the Radon-Nikodym derivative 
of the image measure Si[unj] with respect to Vnj- The density of f„j is given 
by (4.17). The part of the Hamiltonian depending on the signs cJi is iifexpii; 
recall Definition 2.10, in particular (2.47). Thus, we have 

dSi[un,j] _ exp[-i7expii(o'j, Wj, Zj, -aj+i)] 
dvn,j exp[-ifcxpii(cri, Wj, Zj, o-j+i)] 

(4.43) 

= exp[-2o-jO-j+ie 
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We calculate: 
(4.44) 

= [exp[-2cJiCJi+ie"^»]]l{^^=<^^^^}], 

hence 

(4.45) 2z.„,,[c7, / ai+i] = ^ + exp[-2e-^»]l|,^=,^^ j]. 

By Corollary 4.10, the distributions of the random variables Zi with respect 
to tight, uniformly in n, j and i. Hence, the claim (4.39) follows 

from (4.45). 

Finally, in order to prove (4.40), we observe for i < j 

(4.46) E,^^^^^ [Ti] = E,^^^ [Ti + 7l{<x.^<x,+i}] > [r^ + C287 

by Definition 4.13 and (4.39). Hence, we get the claim (4.40) using (4.38): 

(4.47) ^ [S,] > E,^^^ [S,-] + C287i > C287j " C27. □ 

The following lemma considers deformations of the local Hamiltonians in 
the "separation variable" Fj. It is an ingredient for a deformation argument, 
below. 

Recall the definition (4.37) of u;rung,i,j,7- 

Lemma 4.15. For i<j<n, the map fi,j,n- [— 1,1] ^ M, 

(4.48) fi,j,n{'y) '■= [-ffmiddlc,a,o('^cyclc,j|'^rung,i,j,7l'^cyclc,j+l)] 

is twice differentiahle with the following hound on its derivative: 

(4.49) sup |/(',-„(7)l<2c29 

-1<7<1 

for some constant C29 = 029(0) > 0. 

Proof. By Lemma 3.3, the map 7 ^ -H'middic,a,o('^cycio,i|'^rung,i,j,7kcycie,i+i) 
is twice differentiahle, and its derivatives satisfy 



sup 

-1<7<1 

(4.50) 



^-f^middlG,a,o(^cyclc,i|'^rung,j,j,7l^cycle,i+l, 



97' 

< C8 + -f^cxpIl(i^cyclc,i|'^rung,i|i^cyclG,i+l) 



for k = 1,2. Hence, by Lebesgue's dominated convergence theorem, it suffices 
to show that 

(4.51) ^^n,j [-f^cxpll('i^cycle,i|'^rung,j|'^cycle,i+l)] 
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is uniformly bounded. Recall that ifcxpii > by its definition (2.47). Hence, 
the bound (4.4) holds for T = i^cxpii) and consequently, Lemma 4.9 implies 
that (4.51) is uniformly bounded in i,j,n. □ 

Next, we derive a bound for the relative entropy between and i^n,j, 
quadratic in 7, and linear in the length j. 



Lemma 4.16. For all 'y £ [—1,1] and for all j,n with j <n, we have 



(4.52) 



In 



J ,7 



< C29i7 



with the constant 029(0) taken from Lemma 4.15. 



Proof. From Definition 4.13, we know 
This implies 



(4.53) 

and thus 
(4.54) 



o r.. 



7J 



dv. 



E,. 



J>-7 



In. 



dv. 



"J, -7 



Let us calculate the Radon-Nikodym derivative in the last expectation: Re- 
call the representation (4.17) of v^j- Since the reference measure dui on 0^"^ 
is invariant with respect to the map H^^-, we conclude 



(4.55) 



d^n,j, 



J. -7 " 



g-_H'(")oH^j-SjoST,j 



duj. 



Combining (4.17) and (4.55), and using Definition 4.13 and (4.16) for + 



Sj, we get 



In 



dUn 



,3,-1 



(4.56) 



3 

1 

i=l 



^ ^ [-f^middlc ,a,o('^cyclc,i|'^rung,i,j,7l'^cyclc,i+l) 



-f^middlc,a,0 (^cyclc,j I ^rung,i l^'-'cycle, j+1 )] • 



Using Lemma 4.15, this implies that the relative entropy /i(7) is twice dif- 
ferentiable with respect to 7 G [—1,1]. Furthermore, /i(7) > holds, and 
/i(0) = follows from i'n,j,o = ^n,j- Consequently /i(7) reaches its minimum 
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value at 7 = 0; thus h'{0) = is valid. Using Taylor's formula, (4.56) and 
the bound (4.49), we conclude for some ^ = ^(7) E [0, 1] 



(4.57) 



Mt) = Y^"{^l) = ^ E /M-,n(e7) < C29n' 



2 1 



i=l 



Thus, the claim (4.52) follows from (4.54). □ 

The following proposition is the key ingredient to prove recurrence of 
reinforced random walks: It bounds exponential moments for the "separation 
variables" T,j. Here it becomes clear what the deformed measure I'nj.-y is 
good for: it just serves to bound the free energy difference between the Vnj 
and P^") via a variational principle for free energies. 

Proposition 4.17. For some positive constants 027(0) and ci{a), we 
have the following bound for all j, n G N with j <n: 

(4.58) £^p(n)[e-^^1 <e^2^-^i^'. 

Proof. From (4.14) and (4.15), we know 



(4.59) 



ln£;p(„) [e-^^] 



InZ. 



In 



dUn, 



t(n) 



We take < 7 < 1 sufficiently small (to be specified below). Using that the 
relative entropy between I'nj.-y and P'-"-' is nonnegative, we conclude from 
(4.59): 



(4.60) 



In 



In 



In- 



dPC") _ 
dPC") 

dVn,j . 



+ In Zn,j 
du. 



In 



(iP('") 



< 02931 -C28J7 + C27- 

We used the bound (4.40) and Lemma 4.16 in the last step. Taking a fixed 
7 > so small that — ci := 0297^ ~ ^287 < 0, the claim (4.58) follows. □ 



4.3. Exponential decay of the random edge weights. In this section we 
prove exponential bounds for the random environment. 

Proof of Theorem 1.2. Let e G E'^") be an edge on level i of the lad- 
der, and let ci be as in Proposition 4.17. By Theorem 2.1 and the definition 
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p{n) 



lim 



hie) 



Note that 
(4.62) 



4S 



i-l 



Y, = -Zo-'£Wj 

i=i 

by (2.30), (2.38) and (4.13). Using Lemma 2.13 and the transformation of 
variables (2.32)/(2.33), the right-hand side of (4.61) equals 

(4.63) (4.61) 



where Ti = 2Li — Zq — Ui + Ui if Xe = x^, Ti = Xi — Zq — Ui + Ui if Xe = Xi, 
Ti = Zn — Zq + Ui — Un if Xe = Zn and i = n, and = — Wi/2 — ZQ — Ui + 
Ui = Z,-Zq + Ui- (r, + C/i + Ui+i)/2 if Xe = with i e {1, 2, . .^n - 1}; 
the last case follows from (2.39) and (2.29). Recall that Ui = {Xi + Xi)/2 by 
(2.28). We use (4.58) and the exponential Chebyshev inequality to obtain 

(4.64) [-4S,_i > -2cii] < e^27-ci(i-2)/2_ 
Applying Corollary 4.10 with j = yields 

(4.65) 1P^"^[T, >cii] <C3oe-^3i* 

with some positive constants C3o(a), C3i(a) > 0. Combining the bounds (4.64) 
and (4.65) with (4.63), we obtain the claim (1.6): 



(4.66) 



(4.61) > 1 - e' 



C27-ci(j-2)/2 



csoe 



~C31J 



□ 



5. Recurrence. In this section we prove Theorem 1.1. Recall that we call 
the reinforced random walk recurrent if almost all paths visit all vertices 
infinitely often. 

Lemma 5.1. On any graph G, the edge-reinforced random walk is recur- 
rent if almost all paths return to the starting point infinitely often. 

Proof. A Borel-Cantelli argument shows that for any u,v &V with 
{u,v} G E the following holds: 



(5.1 



P^^^[u is visited infinitely often and v is visited at most finitely often] 



0. 



(Details can be found in the proof of Corollary 3.1 in [12].) Hence, the claim 
follows by induction. □ 
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Lemma 5.2. For all a > 3/4, the edge-reinforced random walk on No x 
{1,2} starting in with all initial weights equal to a is recurrent. 

Proof. For x G M^, let Qx denote the distribution of the nonreinforced 
random walk on No x {1,2} starting at which jumps from u to f with 

probability proportional to the weight Xj^^^,} of the edge {u,v}. Let A^"^ 
denote the event that the random walker returns > k times to before 
hitting the set {n,n}. We set yl^") := A^^\ 

Our proof uses the connection between random walks and electric net- 
works. Consider the graph Nq x {1,2} as an electric network, where edge 
e has the conductance x^. or equivalently the resistance x~^ . Let R^"'\x) 
denote the resistance between and the set {n,n} of the finite ladder 
Then C(")(x) = l/i?(")(3;) is the effective conductance. Recall that 
Xq = zo + xi = 1 + xi > 1 Q('^)-a.s. The escape probability Qx[{A^'^^y] can 
be expressed as follows (see, e.g.. Section 1.3.4 of [5]): 

(5.2) Q.[(^("))1 = ^ < C(")(x) = — — Q(")-a.s. 

Xq R("->{x) 

By Rayleigh's monotonicity law (Section 1.4 of [5]), the effective resistance of 
an electric network decreases if some of the individual resistances decrease. In 
particular, the network obtained from the ladder G^"^ by shorting together 
each of the vertices {i,i} has an effective resistance R^"'\x) < R^"'\x). We 
calculate 

n , , 

(5.3) i?(")(x)=y > . 

Denoting by 6 A c the minimum of b and c, we conclude 

^^•p^"^r]^^Ai 

(5.4) ^ 

<-57-T--Al<(x„ + x„)Al Q(")-a.s. 
R^^>[x) 

By the strong Markov property, Qx[A^k^] = (Qx[^^"^])''. Using (2.18), we 
obtain 

p(n) [^(n)] ^ f [4")]Q(") (dx dy dT) 

JA(") 

(5.5) > / {Qx[A^''^])''Q^''\dxdydT) 

JA(") 



> 



[1 - [(x„, + x„) A l]]'=Q(")(dx(iydT). 

A(") 
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Let Bn := {lnx„ < — cin and lnx„ < —cin}. Theorem 2.1 and Lemma 2.6 
imply that the distribution of the limiting vector {limt_^c<yktie)/kt{{0,0}))e 
under P^"^ equals Q^"^ because zo = 1 Q^^^-a.s. Hence, we conclude from 
Theorem 1.2 that 

p(n)[^W]> f [l_[(^„+3r„)Al]]^Q(")(dxdydr) 
J B„ 

(5.6) > Q(") (1 - 2e-^i" A 1)^= 

> (1 - 2c2e-'=3")(l - 2e~=i" A l)^ 

The probability that the reinforced random walk starting in does not 
return to before hitting {n,n} is the same for the finite ladder G^^^ and 
for No X {1,2}. Consequently, if we denote by the distribution of the 
edge-reinforced random walk on No x {1,2} starting at with all initial 
edge weig hts equal to a, then P^[A^k^] = P(")[^^"^], and we conclude 

[return > k times to 0] = P 

(5.7) 

= lim = 1. 

n— >oo 

Since k is arbitrary, we conclude that the reinforced random walk on the half- 
ladder returns to infinitely often with probability 1 . The claim follows from 
Lemma 5.1. 

□ 



oo 
.n=l 



Proof of Theorem 1.1. Because of (5.1) and Lemma 5.1, it is enough 
to show that the set {0, 0} is visited infinitely often. 

For vq and x = {xe)e&E £ we denote by Pvq^x the distribution of 
the edge-reinforced random walk on Z x {1, 2} starting in vq with initial edge 
weights given by x. If Xe = o for all e, we write simply P. The distributions 
of the edge-reinforced random walk on No x {1,2} and —No x {1,2} are 
denoted by P"*" and P~, respectively. 

Let To := 0, and for i > 0, let ti be the ith return time to the set {0,0}. 
We denote by pi the hitting time of the set {^1, —1,1, 1} after time Tj. By 
(5.1), Pi < oo P-a.s. on the set {r^ < oo}. 

We prove by induction on i € No that Tj < oo holds P-a.s. This is clearly 
true for i = 0. For the induction step from z to i + 1, assume that the claim 
holds for i. Then, pi < oo P-a.s., and we obtain 

P[ri+i < oo] = P[Ti+i < Pi] 

+ P[ri+l > Pi] ■ P[Ti+l < 00\ Ti+l > Pi] 

(5.8) 



ERRW ON A LADDER 



43 



= P[Ti+l < Pi] 

+ P[Ti+i >pi]- j Px,^,u,,^ [visit {0,0}] dP. 

Let us consider a fixed realization of Xp. and Wp^ . Since Pxp ,wp. [visit {0, 0}] 
depends only on the edge weights on one of the two half-ladders No x {1,2} 
or —No X {1,2}, this probability agrees with the corresponding one for the 
reinforced random walk on the half-ladder. Hence, for some * G {— ,+} and 
some finite path {vq = 0,vi, . . . ,vt = Xp- ) we have 

, , Px,^,«,,Jvisit {0,0}] 

(5.9) 

= P* [visit{0, 0} after time t\ Xg = Vg for all s < t]. 

By Lemma 5.2, the reinforced random walk on No x {1, 2} is recurrent. By 
symmetry, the same is true for the reinforced random walk on —No x {1,2}. 
In particular, for these two processes, almost all paths return to {0,0}. 
Hence, the conditional probability on the right-hand side of (5.9) equals 1. 
It follows from (5.8), that P[rj+i < oo] = 1, that is, the reinforced random 
walk on Z X {1,2} returns to {0,0} at least i + 1 times. By the induction 
principle, there are P-a.s. infinitely many visits to the set {0,0}, and the 
claim follows. □ 
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